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MOJAEJIMPOBAHUE JABU/XKXEHUA AHTPOIIOMOP®HOI'O POBOTA
HA IIVIOCKOCTH C UCITOJIb30OBAHUEM ITAKETA MATHEMATICA

Onucvigaemcs paspabomannas MemoouKda agmomMamusuposanHo2o cocmasienus ougdepenyuas-
HbIX YPABHEHUU OBUNCEHUA OBYXMEPHO2O AHMPONOMOPPHO20 poboma. TIpueooamcs pesyibmanivl AHATUMU-
YeCKUX Npeobpaso8anuii U YUCIEHHble PACHenbl 6 cucmeme KOMNbIOMEPHOU MAmeMamuKy, NOKA3aHbl €20
B03MOICHOCHIU AHUMAYUY U FKCNOPMA PE3VIbIMAMOS 8 00WenPUHAMbINL QOPMAM COXPAHEHUS. U NPOCMOMPA
suoeoungopmayuu «.gif».

B HACTOAIICC BPEMA MPUXOAUTCH AC€IATh CJIOKHBIC YHUCIICHHBIC PACUYCTHI U aHAJIUTUYICCKUEC
npeoOpa3oBaHus IS ONMKMCAHUS MEXaHHYECKUX CHCTEM C OOJBIIUM YHCIOM CTEIeHEH CBOOOIBI,
CIIOXHBIMU F€OMETPUYCCKUMH CBS3SIMH, HaNHUUEM JIehOPMUPYEMOCTH U T. A. [IpuMeHeHHe cuc-
TEM KOMHBIOTepHOﬁ MaTCMAaTUKU IMO3BOJIMJIO ACJaTh YMCJICHHBIC pacu€Thbl, KOTOPLIC paHECEC ObLIH
MPaKTHYECKU HEIOCTYNHBI yueHbIM [1-3]. 'poMo3ikne aHaimuTHYECKUE MPeoOpa3oBaHuUs MOKHO
MPOBECTH BO MHOTO pa3 ObicTpee U 3¢ (dEKTUBHEE, MPEACTABUB PE3yNIbTAThl B YIOOHOM BHIE C
MTOMOIIBI0 PA3JIMIHBIX CHCTEM KoMibloTepHOW MaremMaTtuku (CKM) [4—6], B 9aCTHOCTH CHCTEMBI
Mathematica'. B nanHO#i cTaThe pacCMOTPEH OJHMH H3 BAPHAHTOB TAKHX AHAIMTHYCCKHX MPeobpa-
30BaHMI Ha TIPUMeEpE JBYXMEPHOH XOAbOBI aHTPOTOMOP(PHOr0o MeXxaHu3Ma. ITO COBEPIICHHO a0-
CTPaKTHBIA MPUMEp, HEe UMEIONINIA aHaiora B peasibHOCTH. OH HCMONB3yeTCs s JeMOHCTPAINH
BO3MOJKHOCTEH makera. Pa3paGoTaHHBIN MeTOA SBIsSETCS YHHUBEPCAIbHBIM, U €T0 MOYKHO IpHUMe-
HATH IS OTTUCAHUS APYTUX MEXAHUICCKUX cucTeM [7].

Jlnst cocTaBieHUs YpaBHEHUI ABHKCHHUS BOCIOIB3YEMCsl ypaBHEHUAMHE Jlarpamxka:
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Tak kak CBsA3M, HAJIOXKCHHBIC HAa CUCTEMY, CTAllUOHAPHBI, BpEMA HC BXOAHUT SIBHO B YPaBHCHUEC
CBs3CH H, CJICOA0BATCIbHO, HC BXOAUT ABHO B BhIPAKCHUSA, OTIPCACIIAIOIINEC I_”; . B atom CJIydyac KUHCTH-

Yeckasi SHeprust OyJeT OJHOPOIHON KBAaAPaTUYHOM (HOPMOH OT 0000IIEHHBIX CKOPOCTEH.
Jst i-ro 3BeHa KHHETHYIECKast SHEPTHs MMEeeT BHU]
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rzie m; — Macca i-ro 3BeHa; V¢; — CKOPOCTh LEHTpa Macc i-ro 3BeHa; /; — MOMEHT MHEPIUH i-TO 3BEHA
OTHOCHTEIILHO €ro LEHTPa Macc; (¢, — yIJIoBasi CKOPOCTH i-r0 3BeHa, i = 1, ..., 11.

! JIunensuonnas Bepcus aauHOi nporpammsl (L3259-1206) npuoGpereHa 3a cueT CpejCTB TPAHTA Mpe-
suneHTa Poccuiickoit @eneparm (MK-2524.2008.1).
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CKOpOCTh IIEHTPa Macc V¢; i-TO 3B€Ha HAWAEM CIIETYIOIIUM 00pa3oM:
2 _ 2 2
Vor ™ Vi + Vny' (4)

BeprukanbHble ¥ TOPU30HTAIBHBIE COCTABIIAIONINE CKOPOCTH i-TO 3BEHA OIPEAEIISIOTCS BhIpa-
KEHUSIMH

_dxg o A
vxCi - > vyCi - ° (5)
dt dt
Torma, moacTaBiss BEIPaKEHUS IS CKOPOCTH, TTOyYaeM KHHETHUECKYIO 9HEPTHIO i-TO 3BEHA.
3anuiieM MOTeHLIHANbHYIO SJHEpTyIo i-ro 3BeHa (i =1, ..., 11):
1i=megye+ B, -1, )1} /2. (©)

Kunetnueckas SHEPruss MCEXaHu3Ma CKIAABIBACTCA M3 KHUHCTUUYCCKUX OSHEPT ui OTACIbHBIX

3BCHBCB U KOpITyCa:
1

T= 11:. (7)

i=1

[MoreHnuanpHasi SHEPTUST MEXaHU3Ma CKJIAJbIBAETCS U3 MOTEHIMATIbHBIX SHEPTHU OTAEITBHBIX
3BEHbEB M KOPITyca:

n=>1i,. (®)

O0600meHHbIe cuibl (; HAXOAATCSI OOBIYHBIM 00Pa30M U3 3JEMEHTAPHON padoThl 04 BCEX CHUIL,
HPUIOKEHHBIX K cucTeMe. /115 MOTeHIMaIbHBIX CHII IMEET MECTO COOTHOIICHHE

Qi == an/aqz ’ (9)

rje B 4uci0 OOOOIICHHBIX KOOPIWHAT BXOJST YIJIBI, & B CaMy MOTCHIMAIBHYIO 3HEPTHI0 B 00IIEM
cllydyae — COOTBETCTBYIOIIME MOMEHTHI, YMHOKEHHBIE Ha YTJIIOBBIE KOOPIMHATHI.

Ioncrasnas T, 11, Q; B ypaBHeHus Jlarpanika, nosrydaeM ypaBHEHHS JBH)KEHUS MEXaHU3Ma.

Jls paccMOTpeHHUs TUIOCKOTO JIBHXKEHHsI aHTPOIIOMOPGHOTO poO0Ta B OJHOOIIOPHOM (ha3e BBe-
JIleM HETIOABUKHYIO MPaByl0 NEKAPTOBY CUCTEMY KOOPAMHAT X)z C HA4aJoM B TOuke O U IJIOCKOCThIO
Xy, B KOTOPOM MPOMCXOANT IBIKEHUE IeHTpa Macc. CucTeMa UMeeT ABE TPEX3BEHHBIC BECOMBIC HOTH,
JIBE IBYX3BEHHBIE BECOMBIE PYKH U BeCOMEIi kopmyc. [Ipeanonaraem, 4To mpaBbie U JEBbIE KOHETHO-
CTH SIBJISIFOTCSI OJJMHAKOBEIMH. Ha puc. 1 cxemaTnyHo n300pakeH MEXaHHU3M JIBIKEHHS poOOTa 1 BBe-
JIEHBI COOTBETCTBYIOIIHE 0003HAUCHUS [§].

HYCTB OlAl = OzAz = 11, AlBl = AZBZ = 12, BIC = Bzc = 13, CG = 17, DE1 = DE2 = lg, E1F1 =
= F>F, = ly — nUHBI 3BEHbEB OMOMEXaHWYECKOW CHCTEMBI, MOJCIUpYIOlIeH demoBeka. [lomoxxenue
B OJIHOOTIOPHOM (ha3e 0JHO3HAYHO omnpeensercs yrinamu ¢; (i = 1, ..., 11), moaToMy paccMarpuBaemast
CUCTeMa MMeeT OJUHHAIATh cTerieHeld cBoOombpl. O003HAUMM 4Yepe3 M; MOMEHTHI, pa3BHBaeMbIE B
i-M mmapaupe (i =1, ..., 11).

HenTtpsr Macc HaxonsTcs B Toukax: C; — CTOIBI OMOpHOM HOTH, C; — TOJIEHU OMOPHOM HOTH,
C; — 6enpa onopHoii Horu, C, — Oenpa nepeHocHo HOTH, Cs — roJIeHH IepeHOCHOH HOTH, Cg — CTOIIBI
nepeHocHo#t Horn, C; — xopryca, Cs, Cyo — mied, Co, Cy; — npemmuiednii. Ix nmomosxeHus O6yaem 3ama-
BaTh B BHJIC OTHOIICHUN JJIUHBI OT Hadaja COOTBETCTBYIOIIETO 3BEHA JIO IIEHTPa MacC KO BCEH JTTMHE
3BEHA Yepe3 MHOXUTENH 1, [ = 1, ..., 11, 0 < n; < 1, ecau Bce 3BE€Hbs NMEPEHYMEPOBATH 110 HOMEpaM
UHJEKCOB Yy COOTBETCTBYIOILIUX YTJIOB.

Benem obo3HaYCHUS: m,, My, M3, Mg, My, M7 — MACCHI CTOITBI, TOJICHH, Oempa, TUeY, MPEMIUICIHi 1
KOpITyCca COOTBETCTBEHHO; [y, I, I3, I3, Iy, I7 — MOMEHTBI MHEPITMH CTOIIBL, TOJICHH, Oe/Ipa, TUIed, IPeATUICYHi 1
KOpITyca COOTBeTCTBEHHO. [IpaByto 1 JIeByI0 KOHEYHOCTH MeXaHM3Ma OyJIeM CUNTATh OTMHAKOBBIMH.
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Puc. 1. Monenb aBmkeHus1 aHTPOIIOMOPQHOro podoTa Ha IUIOCKOCTH B OJHOOIIOPHO# (a3e

Cocrapnenue audQepeHIMaTbHBIX YPABHEHUH JBIKEHUS TTPOUCXOAUT CIECIYIOIUM 00pa3oM.
Bce npeoOpazoBanus OyneM BBITIONHATH B BEKTOPHO-MaTpu4HO# (hopme. CripaBOUHYHO WHGPOPMAIIHIO
00 HCIToNTb3yeMBIX KOMaHIax mporpaMMbl Mathematica MoxHO HaliTi B padotax [9, 10].

BBoauM BekTOp 000OIIECHHBIX KOOpAMHAT (KOMaHIbl, BBOJMMBIC B mporpamme Mathematica,
OyJZeM BBIIEIATh MOHOIIMPUHHBIM MIPU(TOM, OJHOTHUITHBIE KOMaHbl — TPOETOYHEM ), YTOOBI UCKITIO-
YUThH COBTAJICHUS ¢ HAYaIBHBIMU 3HaUYEeHUAMH, 0003HauaeM uHAeKcH 10 u 11 gepe3 8p u 9p:

a = {{elltl}, {e2[tl}, ..., {e9p[t]l}};
®dopmMupyeM BEKTOpP YIIIOBBIX ckopoctell, nuddepeHupys BekTop 0000IIeHHBIX KOOPIUHAT:
qv = Dlqg, t];

dopmupyeM TaOIUITy MPOU3BOIHBIX MO BPEMEHH OT OOOOICHHBIX KOOPIWHAT, HEOOXOIUMYIO
Juis coctaBieHus Qyukiuu Jlarpamxka:

DS[T_, g_] := {Table[D[T, gql[i, 1111, {i, 1, Length[ql}l};

®dopmupyeM TabIHIy MPOU3BOAHBIX 10 BPEMEHH OT MPOHM3BOJIHBIX OOOOIICHHBIX KOOPIWHAT,
HEO0OXOIUMYTO JUTsI cocTaBIeHus GyHKIN Jlarpamka:

DV[X , g ] := Table[D[X[[i, 1]], qqllJ, 1111, {i, 1, Length[X]},

{j, 1, Lengthlqgl}l;

BBonuM KOOpAMHATHI HEHTPOB MACC 3BEHHEB MEXAHU3MA, MMOJIb3YSCh U3BECTHBIMU T'€OMETpHUYE-
CKUMH cOOTHOIeHussMHu C1, ..., C9p. JuddepeHuupys, BBIYUCIIEM CKOPOCTH LEHTPOB Macc vC1,
.., vC9p. OnpenensieM KBapaTbl CKOPOCTEH U Cpa3y yIPOLIAEM HX.
HaxonuM KMHETHYECKYIO SHEPTUI0 MEXAHU3MA U Cpa3y YNPOILIAEM €e:

T = 1/2*ml* (Transpose [vC1l].vCl) + ... + 1/2*m9* (Transpose [vC9p] .vC9p) ;
T = Simplify[T]([[1, 1]] + 1/2*I1*D[el[t], tl1*D[el([t], t] + ... +
1/2*19*D[e9%[t], t]l*D[e9p[t], tl:

3anuchIBaeM MOTEHIHAIBHYIO SHEPTHUIO:
I = ml*g*C1[[2, 1]] + ... + m9*g*CO9p[[2, 11];

CocransieM ¢yHkiuio Jlarpamka L Kak pa3HOCTh KHHETHUECKOW U MOTEHI[MATLHONW SHEPTHIA.
3anuchiBacM ypaBHEHUS JIBHXKEHUS B OOIIEM BHJIC:
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Egq=Simplify[Transpose[D[DS[L,qv],t]1-DSI[L,qlll;

BrimuceiBaeM nieBbIe 4acTH ypaBHEHUH (Tak KaKk KOMaH[bl OJHOTUITHBI, TalbHEUIIE mpeodpa-
30BaHMA OyZeM BBIMHICHIBATH TOJNBKO JUIS IEPBOTO YPaBHEHHUS ):

El=Eq[[1,1]];
3anuchIBaeM YPAaBHEHHUS C IPABBIMU YaCTIMM:
Egnl = (E1 - (M1[t] - M2[t]));

ITpupaBHUBas UX K HyJIO, IOIy4aeM ypaBHEHUS TUHAMUKHU JIBU)KEHUSI aHTPOIIOMOP(HOIO Me-
XaHW3Ma. YPaBHEHUs MOJTyYar0TCs CIMIIKOM IPOMO3AKHMHU. UTOOBI MPUBECTH MX K KOMITAKTHOMY BH-
Iy, CHauajla rpymnIupyeM MO WieHaM, COAEp)KallUM MEepBhe U BTOPbIE MPOU3BOAHbBIE O0OOIEHHBIX
KOOPJMHAT, 3aT€M yIPOIIAEM HX.

TakuMm oOpa3zoMm, OIUCaH METOJl COCTaBIICHUs NU(P(dEepeHINANBHBIX YPABHCHHHA JBHIKCHUS
JBYXMEpHOH Mozenu anTpornomopgproro podora B CKM Mathematica.

ITonydyenHas cuctema obnagaeT OOJIBIIMM KOJIMYECTBOM HEU3BECTHBIX U MPHU 3TOM CYyILECT-
BEHHO HEJHMHEilHa, [103TOMY PEIINTh €€ aHAJUTHYECKH HEeBO3MOXHO. IIpoBenem umcieHHOe pe-
menne. Chopmupyem HaOOp KOHCTAHT, XapaKTEPU3YIOIIUX JIMHBI, MacChl, MOMEHTHl HWHEPIIHH,
YCKOpEHHE CBOOOJHOrO MaaeHus, Ko3((ULIMEHTHI, ONpPEHEeSIOINe MOJOXEHUS LEHTPOB Macc
3BEHbEB aHTpomoMopdHoro podota [11, 12], u moMecTM uX B nepeMeHHyto ss. [logcraBum ux B
neBble YacTH An(p(epeHINaIbHbIX YPAaBHEHUH OBIDKEHHS C IOMOLIbIO KOMaHABl /. ss. YIpas-
JISIFOIIE MOMEHTBI OIPEAEIIIIOTCS B BUe (GYHKLUI OT BpeMEHH Ha OCHOBAaHMHM pa3pabOTaHHOW aBTO-
pamu Metoauku [7]. 3amaeM Bpems, 3a KOTOpPOE€ YHCIECHHO MHTEIPUPYETCS CHCTEMa HEITMHEWHBIX
muddepeHInanbHBIX YPaBHEHUH ABMKEHUS Lk, a TakKe HadaJIbHOE TOJI0KEHHE U CKOPOCTh KAXKIO0Tr0
3BEHA aHTPOIIOMOP(YHOT0 MEXaHU3MA.

Hcnonbzyem (QyHKIMIO IJIsi YUCIIEHHOTO pemieHus auddepeHanbHpX ypaBHEHUH U UX CHC-
tem NDSolve. Pemaem ¢ ee momombto 3agauy Komm asis nmoiny4ueHHo# cuctembl. Pemenne noiayyaem
B BHJE Ha0Opa MHTEPHOJALUUOHHBIX GYHKIUH Ui KaXZ0H M3 Heu3BecTHhIX. [locTpoum 3aBucH-
MOCTH YTJIOB IIOBOPOTA 3BEHBEB aHTPONIOMOPGHOT0 podoTa OT BpeMeHH (puc. 2, a). IT0 aHATUTH-
yeckue QyHKIMH, nX MOXHO auddepenuupoBats. OnHokpaTHOE AH(EepeHInpOBaHUE IO BpeMe-
HU J1a€T 3aBUCHMOCTH YIJIOBOM CKOPOCTH 3BEHBEB OT BpeMeHHU (puc. 2, 0), a AByKpaTHOe audde-
PEHIIMPOBAHUE — 3aBUCUMOCTH YIJIOBOTO YCKOPEHHS 3B€HbEB MEXaHMU3Ma OT BpeMeHH (puc. 2, 6).

v [¥] w2 %] gzt E]
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Puc. 2. I'paduku 3aBECUMOCTEH IS IEPBOTO 3BEHA: ) YTIIOBOW KOOPAWHATHL,
6) YTIIOBOI1 CKOPOCTH; 8) YTIIOBOTO YCKOPEHUS
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Co31a11MM aHUMAIMOHHYO0 BH3YalIM3alMI0 IBYXMEPHOIO JBHXKEHHUS aHTPOIOMOP(HOro pobora,
MOJIb3YsICh aHUMAIIMOHHBIMU BO3MOXKHOCTsIMM TakeTa Mathematica. B paGote BeiBoamau 30 kaapos
aHuManuu. Pe3ynbTaToM sBHIaCh aHUMAIMOHHAS JBYXMEpHas X0/1bp0a aHTporoMopdHoro pobora Ha
skpane. Ha puc. 3 mokasaHbl Ba Kajipa aHHUMAI[HH.

Puc. 3. Kaipbl aHUMaIOHHOM BU3yalH3aluH X0Ab0bI aHTPOOMOP(hHOTro poboTa

Taxoke BO3MOXKEH 3KCHOPT aHuMaluu B ¢opmart .gif. OTMETHM, YTO aHUMAIMOHHO BH3YaJIH3HPO-
BaTh TaKUM CIIOCOOOM MOXXHO HE TONBKO perieHne muddepeHnnanbHbIX ypaBHEHUH 11 aHTporoMopd-
HOTO po0O0Ta, HO M JIF000E IBIKEHUE, 33J]aHHOE MHTEPIOSIIIMOHHBIMU (yHKITHsiMU. Harprumep, eciu skc-
MIEPUMEHTAIBHO ONPEACIUTD YTIIbI IOBOPOTA 3BEHBEB YETIOBEKA MPU ABMKECHUU, TO MOXKHO 3aTEM IO STOU
AKCTIEPUMEHTAIBHON WH(POPMAIMK TTOCTPOUTH MHTEPIIONAIMOHHBIE (yHKIWH. Pa3zHuiia Oyner cocTosTh
TOJILKO B 3HAYCHUSAX COOTBETCTBYIOIINX KOHCTAHT, KOTOPEIC HEOOXOANMO OYIET ONPENSITUTE IS YeIIOBe-
Ka, U B TOM, YTO UHTEPIIOJSIIIMOHHBIC (DYHKIMH JTOJDKHBI OYIyT 3a/1aBaThCs MO-IPYyroMy.

Takum 00pa3oM, ONHMCAHBI METOJAMKA YMCICHHOTO PEIICHHS CHUCTEMbl TU((EpEeHIIUATBHBIX
YpaBHEHUH IBIKEHUS ABYXMEPHOU MOIETH aHTPOIIOMOP(HOTO poOOTa W aHMMAIMOHHAS BU3Yyaln3a-
LU €r0 XOAL05I.

3akiaouenue

ITpoBoas aHaIM3 NOIYYEHHONH MOJENIN, OTMETHM, YTO OIIOPHO-BUTATENIbHBIN allapar yejioBe-
ka umeeT 240 creneHell cBOOObI, MOITOMY YeM OOJIbIIIE CTEPIKHEH-3BEHBEB U IIAPHUPOB-CYCTaBOB
COJCPKUT MOJIENIb, TEM TOYHEE OHa OMNHCHIBAET CKENET-CTPYKTYpPY OHOMEXaHMYECKOH CHCTEMBI.
B manHo# paboTe momydeHbl ypaBHeHHS i 11-3BeHHOH CTepKHEBOW CHUCTEMBI (paHee HM3BECTHHI
7-8-3BeHHbIe). BriepBbie yuTeHa 1eOopMUPYyeMOCTb 3BEHBEB, a TAKXKE MOyUYeH METO/I, II0O3BOJISIOIINI
aBTOMATHU3MPOBAaTh MPOLECC MOMYUYEHUsI Bce Ooliee CTPYKTYPHO M MEXAHUYECKU CIOKHBIX MOJAEIEH.
[lonyyeHHbIe HETMHEHHbIE CUCTEMBl YPaBHEHHUH MO3BOJIIOT B MPUHIMIIE HCCIEI0BATh CHEKTP MOXO-
JIOK OT NMEPUOUYECKUX J0 Xa0TH4ecKuX. PU3NKO-MEXaHNYECKUE ITapaMeTphl, COAEPIKaINecs] B ypaB-
HEHHSIX, TTO3BOJIAIOT BapbUPOBATh MOXOIKHU: 370POBHIE, OOIbHBIE, TPOTE3UPOBAHHBIE, KEHCKUE, MY K-
ckue, npodeccuonanbHble U T. . B manHOM cirydae BeIOOp makera Mathematica oOycrnoBieH Tpe6o-
BaHMEM IIOJyUCHHS JOCTOBEPHOH aHAJIMTUYECKOM MOJEIM M aHMMAIMM €€ Ha OCHOBE IIOJYYEHHBIX
ypaBHeHui. Eciiu OBl 11€51610 aBTOPOB OBIJIO KOHCTPYMPOBAHKUE U CO3J]aHNE MEXaHUYECKOTO MaKeTa, TO
UCIIOJIb30BANTUCH OBl Apyrue maketsl, Hanpumep Adams, ANSYS. Jlns neneil aBromMatu3auy Moiy-
YEeHUs JOCTOBEPHBIX MAaTeMaTHYECKUX MOJeJiel ncnonb3oBanue nakera Mathematica npencrasisiercst
HanOoJIee 1eIecoo0pasHBIM.

OnucaHHas METOAWKA SIBISETCS YHUBEPCATBHOW U MOXKET MPUMEHATHCS AJISl pEIICHUs CUCTEM
muddepeHInaNbHbIX YPaBHEHUH JUHAMHUKH Pa3HOOOPa3HBIX OOBEKTOB C OONBLIMM WM MEHBIIUM
KOJINYECTBOM CTENeHed CBOOOIbI. AHMMAIMOHHAA BHU3YAJIN3ALMsI TAKXKE MOXKET HMPUMEHSATHCS AJIS
BU3YalIN3alli{ ABIKEHUIN THHAMHYECKUX CHCTEM.
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A.V. Chigarev, A.V. Borisov

THE SIMULATION OF AN ANTHROPOMORPHOUS ROBOT MOTION ON THE
PLANE WITH THE USE OF SCM MATHEMATICA

In the article the technique of the automated compiling of differential equations of motion of the
two-dimensional anthropomorphic robot is reviewed. The technique of activity with the results of nu-
merical calculations in the system of computer mathematics «Mathematica, its animation capabilities
and the export of the results in the generally accepted format of saving and reviewing of the video in-
formation «.gif» is described.



